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Abstract
The propagation of Love surface waves in the layered piezoelectric media was analyzed through the method of stiffness matrix.
Firstly, the governing equations of motion for the piezoelectric media are derived on the basis of fundamental acoustic tensor.
Secondly, the stiffness matrix for the surface waves in the piezoelectric media is presented. Solutions are obtained by the stiffness
matrix method. Thirdly, numerical calculations are given for the ZnO/SiO2/Si structure. It is found that the middle layer SiO2
affects the phase velocity. These results are useful in the surface acoustic wave area.
© 2009 Elsevier B.V.
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1. Introduction
Investigations on the propagation of elastic waves, especially the surface acoustic wave, in layered piezoelectric
media have been of great interest since films deposited on supporting substrates are generally a requisite for acoustic
devices [1]. To study such structures a mathematical formulation, ordinary differential equation, which succeeds in
reducing computing time and programming effort within the constraint of the particular problem is highly desirable.
The vector formalism, originally suggested by Tonning and Ingebrigtsen [2], and developed by Adler [3] and Wang
and Rokhlin [4, 5], is described which can be used to study multilayer structures utilizing materials of arbitrary
anisotropy and piezoelectricity. Typically, a layered structure consists of two, three or arbitrary layers of different
materials. The direct method is complex for a multilayer structure. For a layered media with arbitrary layers, the
stiffness matrix method (SMM) is a simple and powerful technique to analyze wave phenomena. The SMM method
was first presented and applied by Rokhlin [6].
In section 2, we propose to describe a state space approach which reduces the wave propagation problem to a first
order matrix differential equation and greatly simplifies the formulation of the boundary value problem of
multilayer. The computational advantages of this approach are illustrated with some examples. In section 3, a
computational stable recursive SMM for wave propagation in layered anisotropic media is described [4, 5, 7, 8].
* Corresponding author. Tel.: +21674676607; fax: +21674676607.
E-mail address: sini_wali@yahoo.fr.
Received 1 January 2009; received in revised form 31 July 2009; accepted 31 August 2009
Physics Procedia 2 (2 9) 1385–139
www.elsevier.co /locate/procedia
doi:10.1016/j.phpro.2009.11.106
Open access under CC BY-NC-ND license.
2 Y. Wali/ Physics Procedia 00 (2009) 000–000
The present study involves the application of the ordinary differential method and the stiffness matrix method to
analyze the effect of a multilayer piezoelectric media on the surface acoustic wave propagation. The thickness of the
middle layer in a multilayer structure ZnO/SiO2/Si can introduce a change in the phase velocity of the surface wave
and the reflection coefficient.
2. Governing differential equations
Let us consider a generally anisotropic medium (Figure 1) and a harmonic wave propagating along x1-axis of the
form )xkt(ie)x( 113 −ωξ ; ω=2πf is the angular frequency,
is the wave number, V1 is the phase velocity and λ1 is the wavelength along the x1-axis. We define a state vector
where U is the general displacement and T the general stress on the (x1,x2) plane. For pure elastic
problems, U=[u1, u2, u3] and T [σ13, σ23, σ33] are the particle displacement and normal stress vectors, repectively.
For the electro-elastic media, a general displacement U as U=[u1, u2, u3, φ] and a general stress T as T [σ13, σ23, σ33,
D3] are defined. The constitutive equations can be expressed as
Ei=-φl (1)
σij=Cijkl ukl + elij φl (2)
Di=eikl ukl - εil φl (3)
Where, Ei is the electric field intensitie, Cijkl are the elastic constants, elij are the piezoelectric constants and εil is
the dielectric permeability tensor. Considering properties varying only in the x3-direction (vertically
nonhomogeneous medium), one can represent the governing equation for the state vector ξ by a system of
differential equations (2, 3, 5, 9] with various boundary conditions.
(4)
The matrix A is a function of material properties, wave number and frequency. The explicit formulation for
generally anisotropic electro-elastic media is given by:
(5)
Where X= is the inverse matrix of 33Γ .I’ is 4 x 4 identity matrix but with zero (4 , 4) element. The 4 x 4
matrices ikΓ are related to these elastic, piezoelectric and dielectric permeability by
(6)
3. Ultrasonic model for multidirectional composite: Recursive stiffness matrix method
Let us consider a multilayered medium, consisting of N arbitrarily anisotropic layers between solid or liquid semi
spaces as illustrated in figure 1.
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In the jth layer, the displacement vector uj may be written as the summation of 8 partial waves
(7)
where , (T represents transpose)
( n = 1, 2, 3) denotes nth partial mechanics’ wave and n=4 denotes the partial electric wave; the superscripts +
and – indicate wave propagation in +x3 or –x3 directions respectively; and
are the unit wave displacement polarization vectors corresponding to and
waves numbers respectively. These two components are identified by energy flow calculation; they may have the
same sign mainly when the structure is highly anisotropic. For each layer, we select the local coordinate origin at the
top of the jth layer (x3=(x3)j-1) for waves propagating along the –x3 direction (a-) and at the bottom of the jth layer
(x3=(x3)j) for waves propagating along the +x3 direction (a+). Such selection of the local coordinate system is very
important for eliminating the numerical overflow of the exponential term in equation (7). The displacement
polarization vectors and wave numbers, and respectively, are determined by the eigen value and eigen vector
of the matrix A [4].
From equation (7), the generalized displacement vector on the upper uj-1and lower surfaces uj of the layer j can
be represented in the matrix form :
(8)
Where , ,
And
hj=(x3)j-(x3)j-1 being the thickness of the jth lamina. Using equation (2), the generalized stresses on the top σj-1
and bottom surfaces σj of the jth layer are related to the wave amplitudes in the matrix form as :
(9)
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Fig 1 : The layer structure divided into N sublayers
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Fig 2: Three layers structure
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Where , the components of vector are related to the polarization vector by
. , Cijkl represents the layer elastic constants.
Substituting into equation (8) the amplitude vectors from equation (9), we obtain the layer stiffness Kj matrice
which relates the stresses to displacements at the layer top and bottom [6, 10]
(10)
It is convenient to subdivide the stiffness matrix (8 x 8) into 4 x 4 submatrices K11, K12, K21, K22.
To obtain the global stiffness matrix for a multilayered structure, we have developed a recursive algorithm based
on the stiffness matrix for a single layer. The recursive procedure can be summarized by:
(11)
Where is the total stiffness matrix for the J top layers, are the total stiffness submatrices for the top J-1
layers, are the stiffness submatrices for the jth layer. As has been shown [Wang and Rokhlin 2001], the stiffness
matrix formulation (10) and the recursive algorithm (11) are computationally stable in an arbitrary frequency range
and have the computational efficiency of the transfer matrix method.
In this paper we discus the structure ZnO/SiO2/Si, which is mainly made up of two layers with hz and ho thickness
respectively, all details are reported in figure 2. The two layers are in the region -h<x3<0, with h=hz+ho and the
substrate x3>0. The top surface of the layer x3=-h is free of stresses and charge.
4. The electrical boundary conditions
The open circuited condition requires that the normal component of electric displacement D3 and the potential be
continuous at the solid-air interface. Since Laplace’s equation must be satisfied, the following linear constraint
between D3(-h) and φ(-h) applies:
(12)
With V1 is the phase velocity along x1.
At a mechanically free surface we have zero normal stresses, T3(-h) =0, hence y44 the (4,4) element of Y relates
D3(-h) to φ(-h) according to
)h(Dy)h(j 344 −=−ωφ (13)
The Y matrix is a function of V but is independent of x3.
(14)
Hence constraint (12), with (13) used to eliminate D3(-h), is the open- circuited surface boundary condition
(15)
Requires that the function (16)
The zero of (16) is at the open circuited velocity.
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5. Velocity of surface acoustic waves
The calculation of the surface wave velocity is realized with two numerical methods. The free surface acoustic
wave’s velocity for a ZnO/SiO2/Si layered semi space has been calculated as the value corresponding to the
minimum of reflection coefficient and the value corresponding to the minimum of function (16).
In the following numerical example hz is equal to 10 μm. By changing the value of ho in a wide range, we can
obtain a series of phase velocity. From the results it is seen that the phase velocity of Love waves propagation on
ZnO(001) parallel to the [100] direction can be adjusted in a larger range when the SiO2 layer exists. The material
constants are shown in tables 1 and 2.
Table 1: Material constants of ZnO
ρ (Kg/m3) C11(GPa) C12(GPa) C13(GPa) C44(GPa) e15(C.m-2) e31(C.m-2) e33(C.m-2) ε11(10-10 F.m-1) ε33(10-10 F.m-1)
5665 209.6 120.5 104.6 42.3 -0.48 -0.573 1.321 0.67 0.799
Table 2: Material constants of Si and SiO2 (isotropic)
Figure 3 and 4 represent the foc function given by equation (16) and reflection coefficient, respectively, in term of
velocity. The frequency f is fixed at 200 MHz and the thickness of the middle layer SiO2 is ho=10 μm. The
minimum of the two curves present the corresponding phase velocity for the Love wave propagating in the medium
at the indicated frequency. The two numerical methods give the same results.
Figure 5 show the relations between the phase velocity of Love wave and frequency, for the electrically free case.
The phase velocity decreases with increasing frequency for a given value of ho. The obtained curves tend
asymptotically to a horizontal coordinate axis when frequency growing up. These results show that Love velocities
are significantly dependent on frequency, i.e. layered structure is strongly dispersive in the frequency rang inferior
to 200MHz. For all ho values, Love velocity remains in close proximity to the transverse velocity in the Si half space
for low frequency. For high frequency, the phase velocity is near to the transverse velocity in the ZnO half space.
When ho is the same or less than the order of hz. The thickness ho of the middle layer SiO2 affects the phase velocity
Material C12(GPa) C44(GPa) ρ (Kg/m3) ε11(10-10 F.m-1)
Si 165.7 79.4 2328 1.035
SiO2 78.5 31.2 2200 0.33
Frequency : 200 MHz
ho = 1.10-5m
Frequency : 200 MHz
ho = 1.10-5m
Fig 3: Function foc for a ZnO/SiO2/Si piezoelectric structure with
ho=10 μm and f=200MHz
Fig 4: Reflection coefficient for a ZnO/SiO2/Si piezoelectric
structure with ho=10 μm and f=200MHz
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significantly the deviation is the largest near 200MHz. So, by adjusting ho we can change the velocity in a wide
range than that in the case without the middle layer.
Fig 5: Phase velocity versus frequency for the electrically free case.
6. Conclusions
In this paper, we have presented a simple computational method for wave propagation in layered piezoelectric
media. The fundamental acoustic tensor and Stiffness matrix methods equations, for a general piezoelectric media
are established. The Love phase velocities for ZnO/SiO2/Si piezoelectric structure are carried out by mean of two
numerical methods, both reflection coefficient and boundary relations lead to the same result. The variations of
phase velocity with the thickness of the middle layer are discussed.
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